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Abst rac t - - In  this paper, a new generalized Ball basis, normalized totally positive (NTP) basis 
given by Delgado and Pefia, is investigated. The conversion formulae between the basis and the 
Bernstein basis are derived. We also prove that these formulae not only are valuable for studying the 
geometric properties, uch as subdivision, of the curves and surfaces constructed by this generalized 
Ball basis, but also can improve the computational speed of the B6zier curves and surfaces. After 
the Bdzier surface (curve) is converted into the generalized Ball surface (curve), the time complexity 
for evaluation can be reduced from cubic to quadratic, of the degree of the surface (curve). However, 
the intrinsic property, such as shape-preserving property, is not changed. So, the generalized Ball 
surface and curve have a great future in application of geometric design. (~) 2005 Elsevier Ltd. All 
rights reserved. 
Keywords--B~zier  surface, Generalized Ball surface, Normalized totally positive, Conversion, 
Evaluation, Time complexity. 
1. INTRODUCTION 
In the CONSURF system, developed by Ball [1], a kind of cubic polynomial basis was used. In 
recent years, it has brought along that the research [2-6] on the generate form, the geometric 
property and application of generalized Ball curves in the CAD academia. Among the rest, 
Wang-Ball curve [3] and Said-Ball curve [4], named by Hu et al. [2], have mostly been considered. 
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the National Natural Science Foundation for Innovative Research Groups (No. 60021201) and the Foundation of
State Key Basic Research 973 Item (No. 2002CB719400). 
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Actual results of the research ave shown that the evaluation for Wang-Ball curve has linear 
complexity [5,6], but it is not formed by NTP (normalized totally positive) [7] basis; Contrarily, 
Said-Ball curve is formed by NTP basis, but the evaluation for it has a higher complexity more 
than linear. As we know, the shape-preserving property is a basic request for curve design. 
Goodman and Said [7] have pointed out, "if the parametric curve is formed by NTP basis, then, 
in many ways the shape of it mimics or 'preserves' the shape of the control polygon". Also, 
Delgado and Pefia [8] have affirmed, "in case of a NTP basis one knows that the curve imitates 
the shape of its control polygon, due to the variation diminishing properties of TP matrices". 
Thus, whether the parametric curve is constructed by NTP basis is very important. On the other 
hand, evaluating a curve or surface is one of the most important, basic and regular operations 
in the display and design of graphics. With the demand for real-time interaction of graphics 
industry becoming more and more exigent, evaluating a curve or surface has become the 'neck' 
when a system runs quickly. So, whether the parametric curve and surface have lower complexity 
for computation is also important. 
In 2003, Delgado and Pefia [8] introduced a new generalized Ball curve. Due to the evaluation 
for this generalized Ball curve which has linear complexity as well as being formed by NTP basis, 
we need to do more investigation on the basis constructing it. We especially need to find the 
conversion relationship between the basis and the Bernstein basis, another NTP basis, so that 
some geometric properties of this generalized Ball curve or surface can be derived by transforming 
them into the B~zier form, at the same time the speed of evaluating the B@zier curve or surface 
can be increased by using transforming them into the generalized Ball form, and hence, both some 
theoretic results and some practical benefit can be obtained together. In this paper, we present 
the conversion matrices between these two bases. With these formulae, we not only derive the 
subdivision formulae for the generalized Ball surface, but also reduce the time complexity from 
cubic (quadratic) to quadratic (linear), of the degree of the B@zier surface (curve), and at the 
same time the shape-preserving property is not changed. This shows the generalized Ball curve 
and surface have a great future in application of geometric design. 
2. DP-BALL  BAS IS  AND DP-BALL  SURFACE 
For any positive integer n, on the interval [0,1], a new kind of degree n generalized Ball basis, 
introduced by Delgado and Pefia in [8], is called DP-Ball basis. It can be defined by the following 
expressions, 
( t )  = ( I  - t ) " ,  
Cg (t) : t ( l  - t) ~-~ , I < i < Ln/2J - I ,  
c~/2  j (t) = (Fn /2]  - [n /2 J )  t (1 -- $)L'~/2J+I 
(t) . . . .  
4- tL,~/2i+t (1 - t) ( [n /21  - Ln /2 ] ) ,  
(t) = t '  (1 - t ) ,  F /21 + I < < - t ,  
(t) = t n. 
(1) 
Where Ln/2land In/2] denote the greatest integer less than or equal to n/2 and the least 
integer greater than or equal to n/2, respectively. 
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IO..Irn n I R. .lrn n Suppose t~*,aJi=o,j=ot wJi=o,j=o 6 R 3, the degree m x n DP-Ball surface and the de- 
gree m x n B6zier surface can be expressed as 
Q (u, v) = E c,~ (u)C~ (v) Q~j, o <_ u, v <_ 1, 
i=o j=o 
P (~, v) = ~ B? (~) B~ (~)a,j, 0 <_ ~, ~ <_ 1, 
i=0 /=0 
(2) 
(3) 
respectively. Where C~n(u) and C~(v) are the DP-Ball bases, and B•(u) and B~(v) are the 
Bernstein bases. 
3. CONVERSION FORMULAE BETWEEN 
DP-BALL  BASIS AND BERNSTE IN  BASIS  
For convenience, we shall use the following notations, 
min([n/2]-l'j-1) ([n/j2J_+X 
max(./- [n/2J ,0) 
i n /2 J -1  
K2(n , j )= l -  E (--1)i-J (~- -1 )  ( ? )  
1 i=j 
J 
K3(n , j )= l -  E ( _ l / _ i (n - l~- i ) ( ? )  
i=[n/2]+l J - 
m 
THEOREM 1. Let {C~(t)}in=o end {B~(t)}~.=o be the DP-Ball basis and the Bernstein basis 
respectively, then, there exists a conversion matrix E(n+l)×(n+l) = (eLi), such that 
(C~ (t) C~ (t)) (B~ (t),.. ,B~ (t)) T , ' " ,  n = • E(.+l)x(.+l), (4) 
where 
1 ' i -1  n 
(n ; /~  1) / ( ; )  , 
If n is even, then, 
eL,~12] q = K1 (n, j), 
if n is odd, then, 
{ (Ln /2 J - l ) (~)  
e[n/2j ,J ---- [n/2J j 
~gl (n,j), 
er"/2],J = 1 ( [n/2J - 1 
~Kl(n,j) + \ J _  Ln/2J _ 
i= j= l  or i= j=n,  
l< i< Ln/2J--1, l< j< i ,  
In~21+1 <i<n-1 ,  i< j<n-1 .  
l~ j<n- -1 ;  
1 
+ 2Kl(n,j), 1 < j < [n/2J, 
In/2] _< j ~ n - 1, 
1 < j < [n/2J, 
1) / (Y ) '  [n/2]<_j<_n--1, 
and eij = 0 otherwise. 
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PROOF. Without loss of generality, we can suppose that n is odd, and m = (n - 1)/2. 
obviously, C~(t) = B~(t), C~(t) = B~(t). 
For l< i<m- l ,  wehave 
Thus, 
C~ (t) = t (1 - t) ~-i (1 - t + t) i-1 
i--1 
=E( i ;1 ) (1 - t ) '~-~+~t  i-I 
/=0 
• ' n 
j=l 
For rn + 2 < i < n -  1, we have 
C.~(t) = t i (1 - t) (1 - t + t) n - i - t  
n--i--1 
= E (n - i - l )  
l=O 
For i = m, we have 
C,~( t )=t ( l _ t )m+l ( l _ t+t )m- l+ l~(m/1) ( l _ t ) ,~+l_ i t l ( l _ t+t )m 
l=l 
~ (77%--1) / (~ . )  1 n--i rnin(m,j-1) (m-~-l) (~) / (~. )  
= m-  ~ B; (t) + ~ ~ ~ \ j - k B 2 (t) 
j=l j=l k--max(j--re,O) 
1 . 1 
= +~Kl (n , ] )  B~(t )+ ~ ~Kl (n , j )B~( t ) .  
j=l j=m+l 
For i = m + 1, we have 
1 [ l _ tm+z ( l _ t ) ,~+l ]+tm+l ( l _ t ) ( l _ t+t )m_ l  c~+1 (t) = 
= 2K l (n 'y )s~ (t)+ E ~g l (n , j )+  B~(t).  j=l j=m+l j - m - 1 
When n is even, the proof is quite similar to that shown as above, so we omit its details. This 
completes the proof of Theorem 1. | 
THEOREM 2. Let {C~(t)}~= o and {B'~(t)}'~= o be same as in Theorem 1, then, there exists a 
conversion matrix F(n+l)x(n+l) = (f i j ) ,  such that 
(B~(t) , . . .  , B~(t)) = (C~(t),... C~(t)) F r , (~+1) × (~+1) ,  (5)  
where  
f~,j = \ j - l /  \ i 
(n - l - i~  (n ) ( _ l / -~  
\ j - - i  / 
i= j= l  or i= j=n,  
1<i< [n /2 J -1 ,  l< j< i ,  
[n/2l + l < i < n -1  , i < j <_ n -1 .  
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I f  n is odd, then, 
if n is even, then, 
/(2 (n,j),  
/Ln/2j,j ---- 1, 
K3(n,j), 
1 __ j __ [n/2J - 1, 
j = [n/2 J ,  
rnl2] + 1 < j < n -  1; 
I[,z/2J,j -: 
fr~,12] j = 
1[ (n)(Ln,~jl) } 
K2(n , j )+  [n/2J j -1  ( -1)  L'~/2j-j , l<_ j<_Ln /2 J -1 ,  
1+ Ln/2J , 9= kn/2J,  ,[ (o)] 
1-  Ln/2J , J = F~/2 i ,  
-~ Ka(n,j)- [n/2J \ j - [n /2 J -1  (-1)~-in/2J-1 ' [n/2]+l<_j<n-1, 
,[ (o)] 
1-  Ln/2J ' j = Li~/2J, 
1+ L~I2J ' j -- F~/2], 
K3(n,j)+ In/2] \ j - Ln /2 J -1  (-1)~-i'~/2J-1 ' [n /2 ]+ l_<j<n- -1 ,  
and fl,j = O, otherwise. 
PROOF. Without  loss of generality, we can suppose that  n is odd, and m = (n - 1)/2. Thus, 
obviously, B~(t) = C~(t), B~(t) = C~(t). 
For l< i<m- l ,  wehave 
(7 )  ~( i -1 )  (7 )  B~ (t) = (1 - t) '~-~ (1 - (1 - t)) '-1 t = i - j ( -1)  i - j  C~ (t). 
j= l  
For m +2 < i < n -  1, we have 
• . n- l - i  
B '~( t ) : (7 ) ( l - t ) (1 - t )n -~- l t~:~(n i ) (  j - i  ) ( -1 ) ' -~C2( t ) ' "  " 
J~Z 
For i = m and i = m + 1, we have 
=(:) 
.~+,/~/= (:)
,,_,,m+l~m ,,= ( : ) ,~(  ' l=o m- l )  ( _ l )m_ l _ l ( l _ t ) . _ l _  I 
j----1 j -- 1 (--1)'~-J C2 (t) + t (1 -- t) m+l , 
(:) -'( ) (1 - t) (1 - t )  m-1  t m+l  -- (1 - t) ~ m - 1 ( _1) i  tm+l+l  
l 
/=0 
,=~+~ m ,), l~,,m 1~,,~+ (:)~, ,,,m+, 
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B m (t) - m+l (t) = j=l j -- 1 (--1) m-j C; (t) 
_(m)j=m+ ~ (m--lj_m_l)(-1)J-m-lc?(t)-~ ( : )cn( t ) -  ( : )  ~n+l($)' 
(6) 
B~ (t) + B~+I (t) = I - ~ B~ (t) - B? (t) 
i=0 i=rn + 2 
n--1 m--1 n--i 
E c; E Br (t)- E 8r 
j= l  i=1 i=m+2 
m-l [  ( :  11) (n )  ] 
E 1 -~1 _ (-1) i-j C; (t) + C~ (t) 
j=l i=j 
, ( )(:) + C,~ n - i -1  ~+1 (t) + ~ 1 - ~ j _ ~ ( -1/ -~ c ;  (t) 
j=m+2 i=m+2 
m--1 n -1  
E K2 (n, j) C; (t) + C~ (t) + C~+ 1 (t) + E K3 (n, j) C~ (t). 
j= l  j=m+2 
(7) 
By using equations (6) and (7), we can obtain Bn(t), B~n+l(t ). When n is even, the proof is 
similar to that shown as above, so we omit its details. This completes the proof of Theorem 2. 
4. SUBDIV ID ING DP-BALL  
SURFACE US ING B I~ZIER SURFACE 
By using Theorem 1 and Theorem 2, it is easy to get the conversion formulae between the 
DP-Ball surface and the B4zier surface. 
COROLLARY 1. The degree m x n DP-Ball surface denoted by equation (2) can be expressed the 
ipz lm n degree m x n B6zier surface denoted by equation (3), in which the control points ~ *J si=o,s=o 
can be obtained according to the following expression, 
(Pi,J)(m+l) × (,+1) = E~m+ 1)x (m+U (Qi,3)(,~+ 1) x (n+l) E(n+l) x (,+1). 
Inversely, we have 
T (Qi,j) (~+1) x (n+l) : ~~(rnw 1)x (m-bl) (Pi,j) (mq-1) X (n+l)  F(n-{ -1) x (n+l) • 
Based on the above corollary, the DP-Ball surface can be converted into the B4zier form, 
so that some geometric properties of the surface can be derived by the known theoretics about 
B4zier surface. In the following, we present aprocess to get a subdivision formula for the DP-Bail 
surface. 
LEMMA 1. The degree m x n B6zier surface shown as equation (3) can be separated into the 
following four-degree m × n B4zier subsurfaces at the any point on the surface, which corresponds 
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to the parameters ( g ,  h )  in the definition domain of the surface, i.e., 
I m n C C B y  (u/g) BY ( ( u  - h) / (1 - h) )  P$'), O I u I g ,  h 5 v I 1 ,  i=O j-0 P(u1v)= m n x x BY ((u - 9) / (1 - g ) )  By piyo), g < u < l ,  O < v < h ,  i=O j=O 
where 
in which the conversion matrixes are denoted by 
and 
According to Corollary 1 and Lemma 1, we can obtain the following theorem. 
THEOREM 3. The degree m x n DP-Ball surface shown as equation (2) can be separated into 
the following four-degree m x n DP-Ball subsurfaces at the any point on the surface, which 
corresponds to the parameters ( g ,  h) in the definition domain o f  the surface, i.e., 
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5. EVALUATING BI~ZIER SURFACE USING DP-BALL  SURFACE 
The DP-Ball bases have the following particular ecurrence relations. 
When n is odd and Ln/2] >__ 2, we have 
C~ (t) = (1 - t) C n -1  (~:), 
Cr (t) = tC?_-i 1 (t), 
0 < i < Ln/2J - 1, 
In /2 ]  + 1 < i < n. 
1 
C[n/2 j (t) ---- Ln/2J-1 (t) + C~n/lj (t;), 
n 1 _ A_ C n -1  cr . / .  1 (t) = c[':/~j ( t ) .  r~/21 (t). 
When n is even and Ln/2] _> 3, we have 
C~ (t) = (1 - t) C~ -1 (t) ,  0 < i < Ln/2J - 2, 
C.~ (t) = tC?-~ ~ (t), Ln/2J + 2 < i < n.  
Ca-1  C~/2j_ 1 (t) = L~/2]-2 (t), 
n C n -1  A- C n -1  
CLn/2 j (t) = Ln/2j_ 1 ( t ) _  Ln/2J (t), 
C[,/2j÷1 (t) = n-1 n CLn/2j+ 1 (t). 
Thus, for a polynomial curve or surface, the DP-Ball representation is more appropriate for 
degree raising and lowing than B~zier epresentation. It is just as the suggestion by Goodman and 
Said [7,9], "in the situation where degree levation and reduction are important, while other pro- 
cess are less important, the designer of curves and surfaces hould consider using the generalized 
Ball form instead of the B@zier form". 
On the other hand, the DP-Ball bases have another graceful configuration, i.e., descending 
degree. In detailed words, in the same group, the degrees are distributed like a canyon according 
to the respective sequence number; both the first and the last basis are of degree n which is 
located in the brink of the canyon, the midbasis is of degree 
In/2] +1, 
which is located in the bottom of the canyon, and generally, the difference in degrees between two 
adjacent bases is 1. Noting that we evaluate a curve by bases, the reduction in degrees of bases 
means a considerable r duction in multiplication calculations. As a result, the recursive algorithm 
for evaluating a DP-Ball curve or surface is more efficient han the de Casteljau algorithm for the 
Bernstein form. 
For this reason, and based on Corollary 1, we can also evaluate a B~zier surface by converting it
into a DP-Ball surface and then, evaluating the DP-Ball surface to use the method in literature [8]. 
Here, we omit the algorithm in detail and just analyze its time complexity. 
When a B@zier surface is drawn, one needs to calculate a large number of points corresponding 
to different values of the parameters (u, v). The conversion in the algorithm is actually needed 
only once for all values of (u, v), and the conversion matrix can be calculated in advance. Thus, 
the conversion of control points only consumes a small proportion of time needed by completing 
all calculations. 
Supposing the calculated points on one surface to be k, and denoting the number of nonzero 
elements in the matrix F by A(F). It is easy to know that for the conversion process, the number 
of addition is 
0 (ran 2 + nm2), 
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and the number of multipl ication is
S (Q) = (n + 1)A (F(m+l)x(m+l)) ÷(m + 1) A (F(,+1)×(,+1)) 
(n+l)(m--~--~ +m+3)+(m+l ) (n -~ +n+3) ,  
(n+ l) (m---~ +2m+ l) +(m + l) (n---~ +n+3) , 
(n+l )  +m+ +(re+l )  +gn+l  , 
(n ÷ l) (m--~--~ t- lm ÷ l) ÷ (m ÷ l) (n---~ + ln ÷ l) , 
0 (m~ 2 + nm 2) 
4 
m is odd, 
n is odd, 
m is even, 
n is odd, 
m is odd, 
n is even, 
m is even, 
n is even, 
In addition, for calculating one point on the DP-Bal l  surface, the number of multipl ication 
is 4. O(mn), and the number of addit ion is equal to half of the number of multiplication. Thus, 
it is easy to calculate that the time complexity for evaluating a degree m × n Bdzier surface by 
transforming it into a DP-Bal l  surface is 4k • O(mn) ÷ O(mn(m ÷ n))/4.  However, the time 
complexity for evaluating a Bdzier surface by the deCastel jau algorithm is k. O(mn2). So, 
when k is very large, the time complexity is reduced from cubic to quadratic, of the degree of 
the surface. It shows that  the algorithm by conversion is more efficient than the de Casteljau 
algorithm. Analogous results can also be inferred in evaluating the DP-Bal l  curve. 
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